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CHAPTER 4
CENTRAL DIFFERENCE INTERPOLATION FORMULAE
4.01. Introduction

We have already discussed Newton-Gregory’s interpolation formulae (forward and backward)
for entries at equidistant values of the argument and also have solved some numerical problems
related to these formulae. These formulae are very much fundamental and applicable to nearly all
classes of problems related to interpolations. But these are more applicable to estimate values of
the function near the beginning and the end of the set of tabulated values of the argument. The
main drawback of these formulae is that they, in general, do not converge more rapidly. We have
also studied Newton and Lagrange’s divided difference formulae for unequal intervals of the
argument which are of more generalized nature (because one can derive the formulae for equal
intervals from these). These formulae are more tedious to apply as they involve a great deal of
computations. Further, if the arguments are quite apart, then these formulae do not give accurate
results. So, we need some other kind of interpolation formulae which are free from all the above
mentioned demerits. Central difference interpolation formulae are some such type of formulae.

The central difference formulae, as the name indicates, are more suitable for interpolating values
of the function near the middle of a tabulated set of values. The main advantages of these
formulae are: (i) they converge more rapidly and (ii) the origin may be shifted to some other
convenient point so as to simplify the situations.

4.02 The central difference operators &, pand o

4.02.1 The first order central difference of £ (x) is denoted by 5f (x) and is defined by
5f@) = f(x+2) ~f(x=2) = (B2 - E2) f(x) . where E = 1 + 4
Thus 6 =Ez —E 7= E #(E—1) = E2A = AE ™z
Therefore, 8E7f (x) = [(AE2) B2 | £(x) = [A(E2E9)| (o) = 4f ()
And so, f (x +2) = f(x + h) = f(x) = Af (x)
Further, Vf(x) = f(x) — f(x —h) = (1 —E™H)f(x)

= (£2 - 572) E2f (0 = SE ()

1 1
Thus V= 6E 2. Thatis, 6 = VEz



Ultimately, we have found that
R 1 L
d=Ez2—FE 2=VEz =AE =
The nth order central difference as applied to f(x) = y, is obtained as
8"y, = VEzy, = A"E2y,
i.e, 6"y, = Vnyx+n/2 = Anyx—n/z

4.02.2 The average operator p is defined by the operator equation

1 1
= % (EE — E‘E) so that py, = % (yx+1/2 + Yx—1/2)
¥, :i I(E%—E_%)

= 62+ 4]y, = [1+782]

2 2

Now 12y, = E (E§ + E_%)] + 4] Vs

Therefore, p2 = 1 + %62
Again from the relations py, = % (¥x+1/2 + Yx—1/2) ad 8Yy = Yyy1/2 — Yx—1/2 We have,

2Wyx + 8yx = 2Yxs1/2 1.8, 2+ 8)yy = 2E2y,
So, we have, 2u+ 6 = 2E2 = Ez = u+% é.
4.02.3 The inverse of the central difference operators § is denoted by o so that 5o f(x) = f(x)
h
Then, of(x) =af(x —h)+ f (x — ;)
= of(x) = cE~'f(x) + E2f (x)

= (06— cEV)f(x) = E3f (x)

1

=o0(1—-EY)=E"2

NI

E
E-1

=0

Further, f(x) = of (x + g) —of (x - g)



4.03 Central Difference table:

The appearance of a central difference table for the operator § is as follows:

X Vx
-3 y-3
-2 Y-2
-1 V-1
0 Yo
1 Y1
2 Y2
3 Y3

Syx

5}’—5/2

8y_3/2

5)’—1/2

8y1/2

53’3/2

53’5/2

5%y,

5%y

523’—1

523’0

623’1

523’2

83y,

533’—3/2

53)’—1/2

533’1/2

533’3/2

5y,

543’—1

543’0

54}’1

Note: (i) The operators § and o do not commute. i.e., o # d9.

1 1
(i) 8y1/2 = (AE E )3’1 = A(E 2y1) = Ay
2 2

8%y 8%y
553’—1/2
8%y,
553’1/2

1 1
82y0 = 8(8y0) = 8 (BE2 ) yo = 88y = (AEZ ) Ay, = A%y,

and ina similar way, we have, §%y;/,, = A%y_;

8%y = Aty_,

etc.



4.04.01 Gauss’s Forward Interpolation Formula:

Let the function y,, takes the values y_s, v_,, y_1, Yo, Y1, V2, ¥3for equally spaced values and unit

intervals of u where u = x_hﬂ

Now, from Newton’s advancing difference formula, we have,
y, =P (@a+hu) =y, +"C,AY, +'C,A’y,+'C,A’y,+"C,A' Y, + v s
But, we have,
Ay, =AY, =AY~ Yya) = A (Y, ) =AY, VNeN
So, Ay, =A"y _,+A"™y ., VneN.
Thus

Az3/0 =N’ Ya +A3y711 A?’yo =N’ Y, + A4y—1’ Asyfl =N’ Yo+ A4y721
A’ Ya= A Yot A Y 2, A’ Y. = A’ Yat A° Y_s A° Y= A° Yat A° Yy, etc.

So,

Yy =Yo+ 'CiAY +'C, (A%Y , + A’y )+'Co (A%, + A'y )+'CL (A" Y, + Ay ).+
= Yo+ 'CAY +'C,A%Y | +(“C,+ Cy)A’y ,+'Cy(A'Y, + Ay )+ C (A'Y , + Ay, + Ay ). +....
= Y, +'C,AY, +'C, A’y +"'C, Ay +"C,A'Y , + .t TC,, ATy HTC, A Y, .

That is,
Yo = Yot 'CAY, +'CoAy  +CA Y  +C ATy, 4. T TC, LAY HTTIC, A Y+

This is Gauss’s forward interpolation formula for equal intervals. This formula employs the odd
differences just below the central line from y, and the even differences on the central line.

Note: In Gauss’s interpolation formula, we observe that

(1) The indices of the operator A in the terms are in ascending order of units starting
from 0.
(i)  The suffixes of the entries, i.e. of y, appear as 0, 0,-1,-1,-2,-2,-3,-3,....... etc.

("I) T2r =LH—r_lCZr—lAzr_1 y—r+1’ T2r+l=u+r_1C2rAzr y—r for r= 1
4.04.02 Gauss’s backward interpolation Formula:
This formula has been derived from Gauss’s forward interpolation formula as follows:

Gauss’s forward interpolation formula is-



Y, = Yo+ 'CAY, +'CoATY  +HIC Ay +ICAYY , + o AT, AT Y T, AT Y e,

Now putting

A, =AYy, +Ny,, Ny, =Ny, +Ay,, Ny,=~Ny +Ay_ andsoonin
the above Gauss’s forward formula and grouping the terms, we get,

Y, = Yot 'Cl(AY  + APy )+'CAY  +"MC, (A y_, + A'y )+ ICLAYY , H e,
+UC, (A Ty AY )T, A Y
= Y, +'C, Ay +"C, Ay +"C Ay L+ PCLAYY L, A TIC,, AT Y YR, A Y
=Y, +'C 0 Y, + C, %Y+ C %Y L, + 1 PC, 0 Yy e A TIC,, 0F Y L, K C, 0% Y,

That is, we have,
Yo = Yo+ 'Ci8 Y1)+ 1C,8% Y, +111C,8°Y ), +112C, 8 Y + ot TIC, 7Y, K CL 5 Y, +

This is Gauss’s backward interpolation formula for equal intervals. This formula employs the
odd differences just above the central line through y, and the even differences on the central line.

Note: In Gauss’s interpolation formula, we observe that

(i) The indices of the operator A in the terms are in ascending order of units starting
from 0.
(i)  The suffixes of the entries, i.e. of y, appear as 0 and -1/2 in alternate terms.

(”I) T2k =U+k*lC2k7152k*1 y71/2 ! -|-2k+l=LHk(:2ké‘2k yO for k = 1

4.04.03: Stirling’s interpolation formula:

Gauss’s forward formula is-
Y, = Yo+ 'CAY,+'C, Ay, +"C Ay  +"C, A"y, +.. 4+ TC, ATy I, AT Y

And Gauss’s backward formula with forward difference operator A is-

Y, = Yo +'CAY  +"'C, A’y  +"CAYY L, +"PCLAY , o AT, ATy A C, A Y

Taking the mean of (1) and (2), we get,



Ay0+Ay_1+£ +u(uz—lz) Ay +Ay, +u2(u2—12)

— 2 4
yu - yO + U. 5 ol A yi1 3 > - A y72 L
n U(u2 _12)(u2 — 22)(u2 _32) ..... [UZ _ (k _1)2] AZk_ly_k+1 +A2k_1y_k
2k —1)! - ;
+u2(u2_12)(u2_22)(u2_32) ----- [UZ—(k—l)z]Azky +
(2k)! AY L F s

u2 o u2 U2—12
=Yy :yo+u-ﬂ-5yo+E5ZYO+ le-,U53YO+%
+u2(u2_12)(u2_22) uZ(u2_12)(u2_22)(u2_32)

6! 8! '

54 yo +.u+2 C5ﬂ55 yo

Oy, +C sy, + %Yy e

where u=(x—-X%,)/h

This is Stirling’s interpolation formula. This formula employs the mean of the odd differences
above and below the central line and even differences on the central line.

4.04.04 Bessel’s interpolation formula:

Gauss’s forward interpolation formula is-
Y, = Yo+ 'CAY,+'C, Ay, +""C Ay  +"C, A"y, +..+TC, ATy I, A Y

And Gauss’s backward interpolation formula with forward difference operator A is-

Yy, = Yo +'CAY  +"C, Ay  +"ICAY L+ PCLAYY L, o A TIC,  ATTY G A Y e,

If we transfer the origin in the above formula to unity, then, we get,

.......... )

Taking the mean of (1) and (2), we get,

1 1 uu-1) A’y ,+A’, (u-1/2u(u-1
yu:E(y0+yl)+(u_E]Ay0+ (2! )X 12 0+( 3)| ( )Aayfl'

. (u+Duu-Hu-2) Ay + Ay, .. U+k-DUu+k-2)..(u-k) Ay + ANy,

a1 2 (2K)! 2
+ u-1/2)u+k-Du+k=2)...(u-k) ATY e s
(2k +1)!

This is Bessel’s interpolation formula. In this formula, the coefficients of the odd order
differences are all zero atu =0, 1/2, 1. This is the advantage of Bessel’s formula.



4.04.05. Another form of Bessel’s formula:

Bessel’s formula can be made more symmetric by putting u =v+1/2 and then, we get,

vi-1/4 Ny, +ANy, v(V?-1/4) ,
a2 T 2 g MY
. (v> —1/4)(v* -9/4) y Ay +A'Y, .
4 2
. (v -1/4)(v? —9/4)..(v’ —(2k -1)?/ 4) y Ay + ANy,
(2k)! 2
LV —114)( —9/4)..(v* — (k-1 14)
(2K +1)!

1
Yo = Y2 = E(yo +Y;) + VA, +

This is an important form of Bessel’s formula in application viewpoint.

Corollary: If we putu =1/2 or v =0, then Bessel’s formula takes the form,

Ny eay, 3 Ay,
2 128 2

T (1) [1.3.5......... (2k -DJ? .xAZK Y FARY
2% (2K)! 2

1 1
Yi/2 ZE(YO + yl)_gx

This formula is called the formula for interpolating to halves or formula for halving an interval.
It is used for computing values of the function midway between any two given values. This can
also be written by using the operators «, 6 . Then its form is,

1 3
Yo = MY _§Xﬂ52y1,2 +@xy54yl,2 e ———



